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ABSTRACT 
An analysis of the e lec t ros ta t ic p l a sma instabi l i t ies 
excited by the application of a s t rong, uniform, al ternat ing 
e lec t r i c field is made on the bas i s of the Vlasov equation. 
A ve ry genera l d ispers ion relat ion is obtained and d i scussed , 
2 2 
Under the assumption CO » CO . (where CO is the applied 
o pi o rc 
frequency and CO . the ion p lasma frequency) a detailed 
analysis i s given for wavelengths of the o rde r of or la rge 
compared with the Debye length. It is found that the re a r e 
two types of ins tabi l i t ies : resonant (or pa ramet r i c ) and non-
resonant . The second is caused by the relat ive s t reaming of 
ions and e lec t rons , generated by the field; it seems to exis t 
only if CO is l e ss than the electron p la sma frequency co 
The instabili ty only appears if the field exceeds a cer ta in 
threshold, which is found. The resonant instabili ty i s 
caused by pa r ame t r i c interact ion of na tura l modes of osc i l la -
tion of the p lasma; i t occurs only if nco ~ CO . The case 
o pe 
* P r e s e n t add re s s : Gas Dynamics Labora tory , Pr ince ton Universi ty, 
Pr ince ton , New J e r s e y . 
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n - 1 i s studied in detai l for s t rong fields, and simple 
express ions a r e given for the growth ra te and the range of 
unstable frequencies around U) . Fo r e i ther instabi l i ty , 
P e 
growing waves exis t , for la rge f ields, only if the wave 
number k is l e s s than a max imum value, k , which is 
max 
de te rmined . Final ly, a physical p ic ture of the resonant 
instabi l i ty i s d i scussed . 
• 3 -
I. INTRODUCTION 
Recently some in t e re s t has been shown in the excitation of longitudinal 
p lasma wave instabil i t ies by the application of strong highrfrequency e l e c -
1 2 
t r i e f ields. DuBois and Goldman and Goldman have used a Green ' s 
function analysis to show that when the applied frequency OJ is around the 
e lectron plasma frequency tt) , the p lasma becomes unstable if the field 
exceeds a cer ta in threshold value; Lee and Su use a hydrpdynamic approach 
to show that a relat ive drift between the electrons and the ions in the equi-
l ib r ium state when the field is absent , leads to a reduction, in the magnitude 
of the threshold field. 
All of the work mentioned above has been done with modera te ly s trong 
4 5 
fields only. Silin and Jackson have considered an a r b i t r a r y field intensi ty . 
Silin used cold p lasma equations and his resul t s a re given in t e r m s of 
Besse l s e r i e s , hardly i l luminating; on the other hand, he noticed that when 
ncu ~ W (n ^ 1 ) , instabi l i t ies s imi la r to the one iust d iscussed were 
o pe J 
possible and he pointed out further that the plasma could also be unstable 
even if such a resonant condition was not satisfied. 
Jackson 's work is based on the Vlasov equation but, as we shall see in 
Sec, V, he obtained his dispers ion relation under improper approximat ions . 
Our analysis is based on the Vlasov equation. In the next section we 
obtain an infinite, convergent determinant which, when set equal to zero , 
gives the dispersion relat ion. A very general analysis of this equation is 
made in Sec. III. It-is found that for infinitely heavy ions , the applied field 
- 4 -
does not modify the stability of the e l ec t rons . It is a lso found that , for 
l a r g e f ields, growing osci l la t ions exis t only for wave n u m b e r s , k , l e ss 
than some maximum value , k , that dec r ea se s as the field i n c r e a s e s . 
max 
2 2 
Final ly , assuming w » (t) (w . i s the ion p la sma frequency) and excluding 
o pi pi 
f rom our analysis wavelengths smal l compared with the Debye length we 
obtain two simple conditions e i ther of which (or both) every root of the d i s -
pe rs ion relat ion has to satisfy. 
In Sec . IV we invest igate those roots that satisfy e i ther one of the two 
condit ions. One type of root is found to be stable and s imi la r to the usua l 
p lasma e lect ron wave which exis ts when the field van i shes . The other type 
of root can be unstable , even with a pure ly imaginary value. We obtain a 
s imple equation for the root; in the l imit of zero t empera tu re s i t ag rees 
4 
with Sil in 's off-resonance resu l t (noJ not close to cu ). For the hot p lasma 
o pe ' r 
we invest igate the weak field l imit and find a definite threshold that the 
field has to exceed ior the p lasma to be unstable; we also study the ve ry 
strong field l imit and obtain k as a function of the field. Both resu l t s 
max 
a r e s imi la r to resul t s obtained in the theory of the t w o - s t r e a m instabil i ty; 
it can be concluded that the p resen t instabil i ty is due to the relat ive s t r e a m -
ing of the two species of pa r t i c les under the action of the applied field. A 
fur ther , tentative conclusion that has no equivalent in the theory of the two-
s t r e a m instabil i ty, is that growing waves can be excited off-resonance only 
if to < CO . 
o pe 
In Sec. V we study those roots that satisfy simultaneously the two condi-
tions of Sec. Ill; for long wavelengths this happens for nco ^ j^ , The 
- 5 -
i n s t a b i l i t y found i s s t r o n g e r than t h e one j u s t d i s c u s s e d and i s due to p a r a -
m e t r i c i n t e r a c t i o n of n a t u r a l m o d e s of the s y s t e m . We s tudy in d e t a i l the 
c a s e n - 1; the w e a k f ie ld l i m i t of R e f s . 1-3 i s not c o n s i d e r e d . We find a 
s i m p l e equa t ion for the r o o t ; when the co ld p l a s r a a l i m i t i s t a k e n , i t a g r e e s 
4 
w i th S i l i n ' s equa t ion a f t e r h i s B e s s e l s e r i e s a r e s u m m e d . We show tha t 
5 
J a c k s o n ' s r e s u l t fo r the roo t a r e w r o n g . F i n a l l y , we obtain k fo r t h i s 
r o o t t o o . In S e c . VI we offer a p h y s i c a l p i c t u r e for t h i s i n s t a b i l i t y . 
I I . BASIC EQUATIONS 
We c o n s i d e r an in f in i t e , h o m o g e n e o u s p l a s m a to wh ich a u n i f o r m , 
a l t e r n a t i n g e l e c t r i c f ield i s a p p l i e d . (For an e l e c t r o m a g n e t i c wave of 
f ini te bu t v e r y long w a v e l e n g t h , ou r h o m o g e n e o u s a s s u m p t i o n i s e q u i v a l e n t 
to the d ipole a p p r o x i m a t i o n ; a f u r t h e r condi t ion for such a f ield i s t h a t , if 
CO < CO , the w a v e l e n g t h s of the o s c i l l a t i o n s u n d e r s tudy a r e to be s m a l l 
o pe 
c o m p a r e d wi th the sk in dep th of the app l i ed f ie ld . ) Any i n s t a b i l i t y a s s o c i a t e d 
wi th i n h o m o g e n e i t i e s of the f ield i s , of c o u r s e , e x c l u d e d f r o m th i s a n a l y s i s . 
We a s s u m e tha t the V l a s o v equa t ion d e s c r i b e s the t i m e evo lu t ion of the 
d i s t r i b u t i o n funct ions of ions and e l e c t r o n s ; thus we look for u n s t a b l e w a v e s 
wi th g rowth r a t e s m u c h l a r g e r than the c o l l i s i o n f r e q u e n c y . T h e n , the 
e q u i l i b r i u m d i s t r i b u t i o n funct ion of the a - s p e c i e s , F , obeys the equa t ion 
9 F q 3 F 
~ + — E s i n c o t - — 2 = 0 (1) 
dt m w o 9v 
a ~~ 
w h e r e E i s the f ield i n s i d e the p l a s m a ; a s t ands for e ( e l ec t rons ) and 
i ( ions) . 
T h e s o l u t i o n t o E q . (1) i s F = N F (v + CO € c o s CO t ) w h e r e 
^ ot ot oio. ~* o*«a o 
2 
£ '= q E / m OJ , N q + N . q. = 0 , a n d F i s a n a r b i t r a r y f u n c t i o n . 
~a a —' a o e ^e 1^ 1 ao 
W e s t u d y n o w t h e s t a b i l i t y of t h e p l a s m a a r o u n d t h i s e q u i l i b r i u m . L e t 
f b e t h e p e r t u r b a t i o n of t h e d i s t r i b u t i o n f u n c t i o n of t h e O E - s p e c i e s . T h e 
l i n e a r i z e d e q u a t i o n f o r f i s 
a 
8f. 8f q 6f N q _ , 3 F 
. - r - - + v - — + E s m c o t . - — - — r ^ . — — = 0 , (2) 
o t ** 9 T m *** o o v m o r d v 
•w. /"Y <w* / Y *•**•• * * * 
w h e r e t h e s m a l l e l e c t r o s t a t i c p o t e n t i a l 0 o b e y s P o i s s o n ' s e q u a t i o n : 
^ = - 4 . y q ff dv . (3) 
Q 2 Lt HQ! J a -
o r 
• ~ a 
W e i n t r o d u c e t h e t r a n s f o r m a t i o n 
t = t , p = r + e s i n CO t 
0! ***" "" 0! o 
U = V + CO € COS CO t 
"*0! ~* o "*& o 
i n t o E q . (2) a n d d e f i n e 
^V ~ \ 0 e "*• "* d ; 
- k • e sinco t ^ . , " r* - i k * p 
T h e r e r e s u l t s f o r f . : 
ok 
of , CO2 3 F 
o k p a
 M a o 
+ i k - u f , - —c—- iJ 
i k 8 t ' ^~ ^ a ' Q t k , 2 ~*' du 
k " - a i f .. d u + oik ~*a 
- i k - € ^sinco t 
+ e •<* " \ , d u 
(4) 
- 'OE "- o I - l k . r , _ ( , — *™0LJn , r > 
f , = q e X f e ^ ^ d r ^ q \ f e d p . ( 5 ) 
(6) 
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w h e r e </> h a s b e e n e l i m i n a t e d b e t w e e n E q s . (3) a n d (4) ; CO = 4lTq N / m 
k H v p a ^a a! a 
a n d £ „ = £ - 6 ^ . 
—0!/3 - a ™p 
If we t r y to s tudy the n o r m a l m o d e s of E q . (6) we c o m e upon the s a m e 
i m p r o p e r i n t e g r a l t ha t a p p e a r s fo r the c a s e of z e r o app l i ed f i e ld . To 
spec i fy the p r o b l e m p r o p e r l y we c o n s i d e r an i n i t i a l v a l u e p r o b l e m and t a k e 
t h e L a p l a c e t r a n s f o r m of E q . (6); we define for a r b i t r a r y n , 
&=y ,00 i(o>fnCO ) t dt f , e ° , I m w > 0 , Oik 
o 
E 
A 
: n = f f \ d u , In = J ek «-e 
n i f . (t = 0)du 
n ( akv »~a 
a ~ J co+ nco - k • u 
0 •**• *+*Ct 
J i k ~»i 
and ob ta in by s t r a i g h t f o r w a r d c a l c u l a t i o n : 
D n E n = - X n > J I P + A n , (7a) 
e Ae LJ n - p e 
D n i n = - X n ) J EP
 + A n (7b) 
1 1 LJ p - n 1 
fo r -0! =' e and i , r e s p e c t i v e l y . In E q s . (7a, b) a b o v e , x = k • € . i s the 
a r g u m e n t of the B e s s e l func t ions and 
OJ2
 n k . (3F / 8 u ) du 
D
n
5 l + v
n
= u _£« . f -_—gpJJlOL-riQL 
0! A0! Z j w + n c o - k - u 
k o **" "*G! 
u s e h a s b e e n m a d e of the i d e n t i t y 
U s i n b _ V j
 ( a ) e ^ . 
P 
P 
"We have ob ta ined an inf in i te s y s t e m of equa t i ons for E and I (n be ing 
an a r b i t r a r y i n t e g e r , p o s i t i v e o r n e g a t i v e ) . If we know the so lu t ion to t h i s 
s y s t e m we can ob ta in , by L a p l a c e i n v e r s i o n , the b e h a v i o r in t i m e of 
i k . £ s in CO t 
*** ™*fX o 
ff , du (or e f f , du ) and <fr, . Fo r long t i m e s , it suffices 
to .look for the s ingular i t ies of E n or i n . F o r E , for ins tance, we would 
have 
e 
s A s 
E S = - ~ - (8) 
A 
where A = det A and A is the ma t r ix of the coefficients of the unknowns 
E , I in the sys tem (7a, b); also A = det A and the ma t r ix A - is 
s s s 
obtained from A by substituting the set {A ,A. } for the column of A that 
s / 
contains the coefficients of E in the sys t em (7a,b) . If 3F /du. .and 
' . ao' *~a 
f. ', (t=0) a r e analyt ical functions of u , as we shall assume h e r e , Y anc* 
ok ~*a a 
A a r e known to be en t i re functions of the var iable to ; from the convergence 
a -
resu l t s obtained at the end of this section it may then be concluded that so 
a r e A and A . Therefore the s ingular i t ies of E a r e just the ze ros of A-s 
The equation 
A M = 0 (9) 
is our dispersion re la t ion . Before proceeding to its study we point out that 
for ImtO £ 0, the analytical continuation of. A(GL>) is obtained by following 
the Landau contour in the in tegra l for x • 
The study of the determinant A becomes very simple if we consider 
the homogeneous sys tem 
Dn E n = - x" Y J IP . (10a) 
e e /_j n-p 
D i l ~~ -\L VnE" • < 1 0 b> 
• 9 -
T h r o u e h e l i m i n a t i o n of e i t h e r E o r I we obta in 
I n 
E n 
n p 
-
h
 77 * * Xe 
D n LJL, p - n p - m D p 
i p m e 
n p 
*e yy,
 J < 
Dn ZZ; n-p m-p Dp 
e p m i 
i m = o , 
E m = 0 . 
The r e s p e c t i v e m a t r i c e s of c o e f f i c i e n t s , A. and A , a r e given be low: 
n
 T
2
 P 
D
n
 ^
 D
p 
i p e 
n p 
•nm 'H \ p - n p - m \ . n m 
(Ha) 
. J-AXi-X 1 \ D - n p - i i ± , C __ , U 1 1 1 , / . 
A; = - — I -K—-£ = d5 (m =^n), 
i p e 
D " ^ D P 
n 2 p 
D n Z j D P 
e p i 
Xn v^ J J X? 
— n m e \ n - p m - p T. n m , , . 
A = - —~ / - d (m ^ n ) . 
(lib) 
e „ n I, „ p 
- D Df 
e p i 
The r e l a t i o n b e t w e e n A s de t A and A i s 
00 CO 
A = A n D n n D n ; (12) 
a
 _00 e _ 0 C X 
t h e r e f o r e , a l though A i s qui te d i f fe ren t f r o m A. , A ~ A. . We a l s o 
e l e i 
poin t out t ha t A(tO) i s p e r i o d i c in CO with r e a l p e r i o d CO ; h e n c e , we c a n 
a s s u m e for any roo t of (9) t ha t jRe CO [ < CO /Z . We sha l l a s s u m e th i s 
t h roughou t ou r s t u d y . 
-10 -
F i n a l l y , b e f o r e d i s c u s s i n g the so lu t ion to E q . (9), we c o m m e n t b r i e f l y 
on , the v a l i d i t y of o u r hand l ing of the inf in i te s y s t e m (7a, b ) . We want to 
g 
show tha t the r e s u l t (8) fo r E i s v a l i d . The b a s i c point to m a k e i s t ha t 
fo r f in i te jcoj , X = 0 { | n I ) ^or l a r g e ]n | ; t h i s i s t r u e for a n y p h y s i c a l l y 
a d m i s s i b l e F . We can then show a s fol lows t ha t the inf in i te d e t e r m i n a n t s 
a o 
A and A a r e a b s o l u t e l y c o n v e r g e n t , 
s 
We c o n s i d e r the r e g i o n |ReCo| <^  CO /2 . L e t us f i r s t exc lude any v a l u e 
CO wi th in t h i s r e g i o n s u c h t ha t D (CO) = 0 for s o m e a and n . T h e n the 
fol lowing c o n c l u s i o n s fol low e a s i l y . The B e s s e l s e r i e s of the N e u m a n n type 
t h a t a p p e a r in the e l e m e n t s of A a r e a b s o l u t e l y and u n i f o r m l y c o n v e r g e n t 
s i n c e for r e a l x , J J (x) j < 1 ; ( these s e r i e s a r e a l s o u n i f o r m l y c o n v e r g e n t 
a s func t ions of x in a s t r i p a r o u n d the r e a l a x i s ) . T h e n . £ I d I and 
n 
_ j . n m ] , - , . „ , . , , n m 
2J d a r e a l s o c o n v e r g e n t : a long a c o l u m n , i . e . , for f ixed m , d 
n , m _2 
goes to z e r o a s jn | ; a long a r o w the s a m e c o n c l u s i o n c a n be r e a c h e d by 
o b s e r v i n g t ha t a s j m j -*<x> 
T t \ r^i - m I11 m * J (x) = 0 ( e ' ' ' ' ) 
m 
and then w r i t i n g 
n m 
d 
a 
n 
a 
+ J L 
I P I = 
r n J 
|p 1 £N 
J xp 
p - m ' e 
D P 
e 
J J xp 1 
p - n p - m /ve 
>N °e 
-
1 | r a | - 1 < 2N < \m\ 
and t ak ing the l i m i t | m | —*°o . As a c o n s e q u e n c e , A i s u n i f o r m l y and 
7 °° n 
a b s o l u t e l y c o n v e r g e n t . So i s , of c o u r s e , the inf in i te p r o d u c t II D 
- 0 0 
-11-
There fore , A is absolutely and uniformly convergent . Finally, this i s 
also t rue for A if the set \ A } is bounded. 
s u fflIJ 
Let us assume now that, say, D vanishes for some CO within the 
. e 
region jRe CO | <_ CO /2 . "We rewr i te A in the form 
00 00 00 00 
A = A n Dn n Dn = A* n on n Dn 
e , e 1 e e 1 
_oo _oo _oo _oo 
n ^ 
where A = det A and A and A differ only in the rth row: the r th 
e e e e — — 
— *
 r — 
row of A is D t imes the r th row of A • Then, al l the conclusions 
e e — e 
obtained above remain t rue if we consider A instead of A • (We note 
e e 
he re that although A. seems to have t e r m s involving the factor (D ) 
with p an a r b i t r a r y , posit ive integer this cannot be the case since A = A. and 
onlythe values p = 0,1 appear in A . This fact about A- is hidden in the 
complicated s t ruc ture of the determinant ; it can be established from Eq. (12) 
and the s t ruc ture of A as observed in E q s . (10a,b). Equation (12) was 
establ ished by considering the way by which A- was obtained from A •) 
r Similar considerat ions could be made if D. = 0. 
1 
III. THE DISPERSION RELATION 
In this section we discuss in general t e r m s the solution of Eq. (9). We 
f i rs t consider some limiting values of the p a r a m e t e r s appearing in A(tO) 
for which this function becomes very s imple . Then we discuss how to obtain 
approximate solutions of the dispers ion relat ion by using the fact that the 
ra t io m /m . = u is a ve ry small number , 
e 1 ^ , 
-12-
! =.-,: . - . .• isM-r the l i m i t E = 0 . S ince J (0) = 0 f o r n / 0 , A^ i s t hen 
(ii.-L-.i:-."! I . '•!••' !•':•••• fcion b e c o m e s 
_oo \ D D ' -°° 
e
 i 
o o 
A vanishes if 1 + \ +X= = 0 ; this i s the usual d ispers ion relation as it 
should be since there is no ex terna l field. A vanishes also if 
1 + \ + X^ = 0 > n ^ O . (13) 
Fo r a given root of 1 + ^ + v = 0 , (13) gives a corresponding infinite set 
of roo t s . However, th^ imaginary par t is the same for the whole set and 
the r ea l pa r t s differ only by an a r b i t r a r y integer multiple of CO . This 
infinite set has no physical re levance he r e and is due to the introduction of 
the infinite set of Lapla.ce t r ans forms f , from the single function f , . 
Ok & dk 
Let us take next t h e l imit ix I —- °°. Since the s e r i e s for d and 
Oi 
d^ a r e uniformly convergent we can take the l imit inside the s e r i e s . 
Therefore , d and d go to zero and A — 1. Thus we obtain 
OO OO 
A = n D n n D n = 0 . (14) 
e 2 
-OO _ 0 0 
Electron and ion oscil lat ions become decoupled; if F is Maxwellian there 
ao 
a re no unstable roots of the dispersion relation in this l imit . Since 
x
 ~ & ' £ • *k*s r e s u ^ t can be made c lear by observing that as the e lect rons 
go back and forth under the action of the oscil lating applied field, they c ro s s 
so many wavelengths of the per turbing wave that any effect is averaged out. 
It should be understood, however, that there a r e always wavelengths so 
- 1 3 -
l a r g e t h a t , no m a t t e r how l a r g e E i s , the a s s u m p t i o n | x j » 1 canno t be 
c o n s i d e r e d v a l i d . T h e r e f o r e , a m o r e m e a n i n g f u l conc lu s ion f r o m (14) i s 
t ha t a s the f ie ld i n c r e a s e s t h e r e i s a d e c r e a s e in the m a x i m u m va lue of 
k , k , fo r wh ich i n s t a b i l i t i e s can o c c u r . T h i s r e s u l t i s v e r y s i m i l a r 
m a x ' 
to one e x i s t i n g in the t h e o r y of the t w o - s t r e a m i n s t a b i l i t y wi th no app l i ed 
Q 
f i e ld . T h i s w i l l b e c o m e m o r e a p p a r e n t in S e c . IV. 
F i n a l l y , l e t m . -*oo ; t hen Ct? . —0 , D. —1 , and A ~**1 . T h e r e f o r e , 
1 p i 1 Ot 
A = n Dn = o . 
e 
_oo 
In t h i s l i m i t t h e e l e c t r o n s t a b i l i t y i s not a f fec ted by the app l i ed f i e ld . T h i s 
r e s u l t i s m a d e c l e a r by o b s e r v i n g t ha t when m . —*°o , the ions need not be 
c o n s i d e r e d , and in a f r a m e o£ r e f e r e n c e o s c i l l a t i n g wi th the e l e c t r o n s t h e r e 
i s no field f o r c e . 
F o r a r b i t r a r y x and f in i te m. , E q . (9) h a s to be so lved a p p r o x i m a t e l y ; 
i t i s conven ien t to t ake advan t age of the s m a l l va lue of \l . Le t us w r i t e 
A in a f o r m often u s e d for inf in i te d e t e r m i n a n t s : 
a 
Z nn d + 
a n n < m 
nn n m 
d d 
a a 
_mn . m m d d 
a a 
(15) 
p lu s t e r m s involv ing p r o d u c t s o£ t h r e e or m o r e of the (d , d ) e l e m e n t s . 
Our p u r p o s e i s to s ingle out t h o s e t e r m s of th i s e x p a n s i o n which a r e not 
s m a l l c o m p a r e d wi th o n e . 
2 2 
In o r d e r to do th i s we m a k e the fol lowing a s s u m p t i o n : u> » 0> . ; t h i s 
to r
 o pi 
2 2 Z Z 
i s , of c o u r s e , the c a s e when CO /to > O(l) s ince CO ./c0 = Zu « 1 ; (q. = Ze) 
o ' pe — p i ' pe r ^i 
It s e e m s a l s o the c a s e of m o s t i n t e r e s t for an e l e c t r o m a g n e t i c wave f i e ld . 
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2 2 
Nex t we c o n s i d e r t h o s e w a v e l e n g t h s s u c h t ha t k / k . < O(l) ; 
2 2 2 2 2 (k - s a) / v = 47TQ *N A T , v = KT / m ) . T h i s s e e m s to be a r a t h e r 
ot par a? a a7 ar a a! a 
2 2 
w e a k r e s t r i c t i o n s ince for k » k c o l l e c t i v e o s c i l l a t i o n s a r e h a r d l y 
I 
e x p e c t e d , m u c h l e s s i n s t a b i l i t i e s . 
U n d e r t h e s e two a s s u m p t i o n s i t i s p o s s i b l e to conc lude t ha t 
0 0 0 2 >* 
I X, I = 0(U) ./co)< O(l) for n ^ 0 . In ef fect , we have then CO » k v. 
and t h i s c o n c l u s i o n about ye (n ^ 0) c a n be e a s i l y v e r i f i e d by an i n t e g r a t i o n 
by p a r t s of the i n t e g r a l def ining \ in S e c . I I . (We should po in t out t h a t 
for Imco > 0, i . e . , fo r s t a b l e r o o t s , we need to a s s u m e a l s o Imco « CO ', 
o 
t h i s i s b e c a u s e the a n a l y t i c a l con t inua t ion of v f ° r Irn CO ^ 0 invo lves a 
term that may not he s m a l l when I m w i s l a r g e ; s e e E q . (16) be low, w h e r e 
the e x p o n e n t i a l t e r m i s not s m a l l if Imco i s c o m p a r a b l e to CO . T h i s 
cond i t ion does not affect the u n s t a b l e r o o t s and , on the o t h e r hand , i s 
s a t i s f i e d by the s t a b l e r o o t t ha t we f ind . ) 
F o r m a t h e m a t i c a l d e f i n i t e n e s s we a s s u m e now tha t F (u ) i s a 
M a x w e l l i a n d i s t r i b u t i o n ; then we c a n w r i t e exp l i c i t l y the known a s y m p t o t i c 
e x p a n s i o n : 
n X: 
2 
- CO . 
Hi. 2 2 2 (nco + Co) - 3k v. L 
o I 
1 + O 
/i 4 4 > fs. v . 
i 4 4 / , K
n CO /J 
o 
2 2 
_
 H k. nco + CO r - {nco + co) -i 
k i L 2k v 
I 
n ^ 0 (16) 
w h e r e 0" = 1 if Imco = 0 and <3 - 0 , 2 for I m CO p o s i t i v e o r n e g a t i v e , r e s p e c -
t i v e l y . We can s e e exp l i c i t l y in (16) t ha t the cond i t ions s t a t ed above i m p l y 
O O 
| \ n I = O(C0 ./CO •)'< O(l) for n do. 
l pi o ' 
.15-
The conclusion just found for | x. | , (n ^ 0) allows us to establ ish a 
ve ry genera l and impor tant r esu l t . This i s that there a r e no roots of the 
d ispers ion relation satisfying simultaneously the conditions fx. (co) | < O(l) 
and |D (CO) I >_ O(l) (for al l n) . Therefore any to such that A M = 0, will 
satisfy at l eas t one of these two conditions: | D (OJ) | « 1 for some n ; 
| x ° M | > 0 ( 1 ) , i . e . , | C0/cu . | < O(l). 
It i s ve ry simple to prove the resu l t just given, once we have es tabl ished 
that | x n I < O(l). In effect, if |x° I < 0(1), D n ^ 1 for al l n . Moreover , 
f rom E q s . (11a,b) we can notice that all d , d involve some Y factor; 
OO 
the re fore , A — 1. Hence A— II D and this cannot vanish if ID | > O(l), 
CS. e e —• 
for al l n = 
When D is very smal l {for some n) , or Y is not very smal l , some 
elements in the ma t r i ce s A .A. can be O(l), as can be concluded from a 
e I 
n „ o simple observation of {11a,b). Since nei ther D nor D. can vanish exactly 
because some t e r m s in (11a, b) would go to infinity, A = 0 is equivalent to 
A = 0, d - e , i . If by using (15) we can enumerate in a simple way the 
01 
t e r m s of this expansion which a r e not smal l compared to one, we shall have 
found a closed equation for the roots of A(^) = 0. 
"We shall make a detailed study of the dispers ion relation in the next 
two sec t ions . In the next section we shall a ssume that to is such that condi-
tions |x. I > O(l), and |D | < O(l) (say for n = r) a r e not satisfied s imul -
taneously. For the second condition we shall find that the oscillations have 
large to and a re stable; the f i rs t condition corresponds in some cases to 
unstable waves . There a r e purely imaginary roots , but (to J i s always 
-16-
smal l (compared with CO ). This instabil i ty i s of the "bunching" or two-
P e 
Q 
s t r e a m type; we shall cal l i t non -pa rame t r i c or non-resonant , to d is t in-
quish it h e r e from the one we shall indicate now. 
Those values of CO such that (x. I > O(l) and |D | < O(l) s imu l -
taneously, a r e d iscussed in Sec . V. The corresponding instabi l i t ies will 
be found to be much s t ronger ; they shall be called p a r a m e t r i c or resonant , 
because they a r e s imi la r to the p a r a m e t r i c instabil i t ies found in many 
other physical p r o b l e m s . Fo r k « k , they cor respond to instabi l i t ies 
studied in Refs . 1-5 for severa l l imiting conditions. We also point out, 
finally, that s t r ic t ly speaking Jx. I _^ O(l) is an overs ta tement in the condi 
tion for the resonant instabil i ty: it will be seen in Sec. V that , although 
2 2 for most cases CO /co . < O(l) at resonance , somet imes CO can be as la rge 
as CO CO . ; then Y. < O(l). It would be more exact to wri te pe pi ' /vi ' 
I X: l>:> I X- I (n 7^0) o r that an enhancement in X- [and (D ) ] o c c u r s . 
Off-resonance, the s t r ic t condition |x. | > O(l) can be used. 
IV. THE NON-PARAMETRIC INSTABILITY 
Let us consider f i r s t the case JX- | < O(l), D ^ 0 . We now observe 
— r -1 
the following cruc ia l point: All the e lements of A. contain the factor (D ) ; 
hence, expansion (15) for A. would appear to be quite complicated. On the 
— r -1 
other hand, only the r th row of A contains the factor (D ) ; moreove r , 
— e e 
as seen in (15), the non-diagonal e lements of this row appear in A mul t ip ly-
ing always some elements off the rth row, e lements which a re smal l . 
•17 
There fo re , to o rde r unity, A = 0 adopts an ex t remely simple form: 
e 
r p 
A ^ 1 + d r r = 1 - - 2 _ Y J2 • -L := o . . (17) 
e p i 
Consider now the case Y ^.O(l), |D | >_ 1 for al l n . We observe 
that x^  appears in al l rows of A but only in the zero th row of A.- Fol low-
ing an argument s imi la r to the one just used to obtain Eq. (17), the re resu l t s 
a ve ry simple express ion for A. ; the d ispers ion relat ion becomes 
o p 
A. - 1 + d°° = 1 - ^ V J 2 ^ = o . (18) 
D° L P D P i p e 
When ' ° Y I > O(l) and D ^ 0, as in the next section, the expansion for 
e i ther A or A. is much more complicated, 
e l 
Now we study Eq, (17). (We r e m e m b e r he re that since we took 
|Re a> | < CO /2 , r is not rea l ly a r b i t r a r y but can be determined after 
Eq . (17) has been solved; for D ^ 0, n ^ r , we shall have the same roots 
as for n = r except for an a r b i t r a r y multiple of Ct) .) Equation (17) can be 
written as 
Ae Ae L, r - p
 Q P 
P i 
We can substitute (-1) for \ in the las t t e r m since this t e r m is smal l . 
Using the dominant t e r m of expansion (16) (for n - 0, too), we obtain 
-18 
F o r k « k w e o b t a i n i m m e d i a t e l y 
,2 2 (R OJ + r co ) ~ (JO 
e o p e 
e
 P 
2 -2 
J CO . 
r - P . p i 
[(p- r ) « o + W ]' 
I m c o = y T (Re to + rco } < 0 , 
w h e r e t h e f u n c t i o n y i s t h e k n o w n e x p r e s s i o n f o r t h e L a n d a u d a m p i n g ; 
m i s t o b e c h o s e n s o t h a t ItO - rco I < CO / 2 . T h e r e q u i r e m e n t |v. I < O( l ) 
' p e o ' — o ' ^ IAi ' 
i s v i o l a t e d w h e n r CO ~ CO a s s e e n in t h e e q u a t i o n s j u s t g i v e n ; t h e r e f o r e , 
r CO ~ CO i s t h e r e s o n a n c e c o n d i t i o n . ( T h i s i s t r u e , h o w e v e r , o n l y f o r 
k « k , i . e . , w h e n R e CO + rco I — CO a n d t h e n f o r r = 1 w e w o u l d 
e o p e 
h a v e t h e p a r a m e t r i c r e s o n a n c e t h a t w a s s t u d i e d i n R e f s . 1-5 a n d f o r 
4 
r ?= 1 w e w o u l d h a v e t h e p a r a m e t r i c r e s o n a n c e s i n d i c a t e d b y S i l i n . F o r 
i n s t a n c e , f o r s o m e k a r o u n d k , R e CO + rco « 2co ; f o r t h i s k , r e s o n a n c e s 
e o p e 
a r e t o b e e x p e c t e d f o r rco ^ 2co , b u t i n s t a b i l i t i e s , if a n y , a r e e x p e c t e d 
t o b e w e a k . ) T h e r e s o n a n c e s o r p a r a m e t r i c e f f e c t s w i l l b e s t u d i e d , a s 
a l r e a d y i n d i c a t e d , i n t h e n e x t s e c t i o n . 
i o i r 
W e h a v e c o n c l u d e d t h a t c o n d i t i o n s | v | « 1 , D =^  0 g i v e r i s e t o s t a b l e 
r o o t s . C o n s i d e r n o w E q , (18); c o n s i d e r k s u c h t h a t CO » k v . T h e n t h e 
o • e 
e x p a n s i o n (16) c a n b e u s e d a l s o f o r \ , n ^ 0 ; w e o b t a i n 
1 + 
*1 
o 
T2 2 o 
i _ ) P Pe _ j 2 C*. 
Li 2 , „. 2 2 2 2 o _o 
A. CO + 3 k v - p 0) D J 
p^O p e e o e 
2 , 2 
= 0 . (20) 
S i n c e f o r \ > O( l ) t h e r e r e s u l t s t h a t CO /co . < O ( l ) , w e h a v e d r o p p e d t e r m s 
i p i -
2 , 2 
of o r d e r to /CO . T h i s e q u a t i o n c a n b e r e w r i t t e n a s : 
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1 + \ ° 6 + X°+(6 " J ^ X ^ 0 = 0 (21) 
w h e r e 
6 = 1 -
T 2 2 J CO 
. E. P e 
_ 2 _, 2 2 2 2 
/_ co + 3k v - p co 
pj£0 pe e r o 
2 " 2 
When o = J (x) o r J (x) = 0, E q . (21) h a s no u n s t a b l e r o o t s s ince i t a d o p t s 
o o 
the f o r m s [1 + X + )G § = ° ] a n d [0- + X )0- + ^X- ) = °]« Using an a r g u m e n t 
s i m i l a r to one g iven in Ref. 8 i t i s a l s o p o s s i b l e to show, t ha t t h e r e a r e 
no p u r e l y i m a g i n a r y , u n s t a b l e r o o t s , when 5 and 5 - J a r e bo th p o s i t i v e . 
2 A s w i l l be s e e n be low, t h i s i s not the c a s e when 6 - J < 0 . Al though we 
could not p r o v e t ha t t h e r e a r e not u n s t a b l e r o o t s in g e n e r a l when 6 and 
2 
6 - J" a r e p o s i t i v e , we s u s p e c t t ha t t h i s i s the c a s e . (Fo r i n s t a n c e , i t 
wi l l be shown be low tha t for w e a k f i e l d s , when only t e r m s in E a r e 
r e t a i n e d , t h e r e can be i n s t a b i l i t i e s for 6 - J < 0 but none o t h e r w i s e . ) 
"We conc lude t e n t a t i v e l y , t h e n , t ha t the s y s t e m can be u n s t a b l e off r e s o n a n c e , 
2 
only when CO < CO . I n ef fect , s i nce J < 1, the s y s t e m would not be 
o pe o — 
2 2 2 
u n s t a b l e if 6 > 1. F r o m the def in i t ion of 5 , and s ince CO » k v , 6 > 1 
o e 
if CO > CO and ou r c o n c l u s i o n fo l l ows . (We a s s u m e d th roughou t tha t 
o pe 
2 2 2 
k « CO / v . The p l a s m a i s e x p e c t e d to be m o r e s t ab l e the s m a l l e r the 
w a v e l e n g t h but c a r e ha s to be t aken if k < k. but k » k = co / v , 
l e p e ' e 
p o s s i b l e in a n o n - i s o t h e r m a l p l a s m a ; we exc lude such c a s e h e r e . ) 
Condi t ion CO < CO s e e m s s i m i l a r to one found in the t h e o r y of the 
o pe 
Q 
t w o - s t r e a m i n s t a b i l i t y . If u i s the r e l a t i v e s t r e a m i n g v e l o c i t y of the two 
s p e c i e s , i t i s found t h e r e t ha t only if k u < CO can the p l a s m a be u n s t a b l e . 
c
 pe r 
- 2 0 -
We referred to this condition when Eq. (14) was discussed; there it was 
understood as imposing an upper limit to k . Since ku has dimensions 
of frequency, it can also be thought of an imposing a frequency limit; i£ 
this limit is exceeded, the electrons move too fast for any "bunching" to 
occur. (The "bunching" of particles or density modulation in space is the 
physical process by which waves are excited when two groups of particles 
flow relatively to each other; see Sec. VI or Ref. 8 for an explanation of 
the "bunching" process.) 
We point out, finally, that for roots such that jco/kv | < O(l), condi-
tion 6 < 1 (or CO < CO ) is easily seen to be necessary for growing waves 
o P 
to exist. In effect, then, x. — k /k and Eq. (21) can be written as 
k26 + k2(6 - J2) 
i e o o 
v2 + v2 ** = ° 
k + k 
e 
and this is the dispersion relation for a field-free, one-species, stable 
plasma, if 6 > 1. 
Now, the calculation of the roots of (20) can be greatly simplified by 
using the identity (see Eq. (A-l) in the Appendix): 
_E
 =
 v
.. j
 ( x ) j ( x ) 2 2 simrv v ~v 
v - p 
P 
2 2 2 1/2 
Equation (20) becomes [v being here (co + 3k v ) ' /co ]: 
pG " O 
i
 + X l ° 
2 o 2 
w
 „ -> / X tO 
I _ 2£ W j j _ j 2 I Zl _ Pe 
2 , - . 2 2 sin 77 V V -V o i o 2 , _ 2 2 , 
CO + 3k v \D CO + 3k v /_ 
pe e e pe e 
= 0 . 
(22: 
- 2 1 -
2 2 
S ince k « k fo l lows f r o m co < CO > CO » kv , the f a c t o r multi-Divine 
e o pe o e y y B 
J - i s qui te s m a l l when ] co/kv | < O(l) and the s e c o n d t e r m i n s i d e the 
b r a c k e t can be f u r t h e r s i m p l i f i e d to in i^/sin 7T v) J J , V - CO /co . 
r x /
 ' y - y 5 o e / o 
F i n a l l y , we ob ta in 
1 - •nv J J 
sinlTV V -V 
= 0 , V 
CO 
= - ^ 
CO 
(23) 
If the co ld p l a s m a l i m i t i s t a k e n , v = -co . /co and (23) b e c o m e s i d e n t i c a l 
to E q . 3 . 3 6 of Ref. 4 . When v. i s f in i te and we look for p u r e l y i m a g i n a r y 
r o o t s of (23), t h i s equa t ion b e c o m e s 
1 + k 2 / k 2 
I 
2 , 2 2 
'- - «'
/2
 ir > ' V,( 
1 
1 - e r f X. 
k v . 
X 1 - •VV- J J 
sin.7T V V ~V 
9 
= 0 , co = \y 
T h e funct ion i n s i d e the f i r s t b r a c k e t h a s a v e r y s i m p l e b e h a v i o r , decay ing 
s m o o t h l y f r o m 1 to 0 a s y g r o w s f r o m z e r o to in f in i ty . 
Nex t , we p r o c e e d to d e t e r m i n e w h e t h e r t h e r e i s a t h r e s h o l d which the 
f ie ld h a s to e x c e e d for the o n s e t of i n s t a b i l i t i e s . We take the l i m i t |x | « 1 
in E q . (20): 
1 + \ 1 -
x 
CO 
-El 
2 2 2 2 CO + 3k v - CO pe e e o 
2
 V 2 / D ° J 
e 
= 0. 
We look for p u r e l y i m a g i n a r y r o o t s and a s s u m e tha t the field j u s t e x c e e d s 
the t h r e s h o l d , so t ha t j co/kv | « 1. Then we have (co = iy) 
- 2 2 -
T h e c o n d i t i o n s f o r i n s t a b i l i t y a r e t h e n f o u n d t o b e : 
E 
v s co € . = 
E o -*ei 
2 1/2 
— (q / m - n / m . ) > V 2 l / 2 ( l + T . / T ) l / 2 ( 1 - - 2 - \ 
CO e ' e V i e i ' e \ 2 / 
CO < CO 
o p e 
CO p e 
(24a ) 
(24b) 
(24b) a g r e e s w i t h o u r f o r m e r r e s u l t o n t h e f r e q u e n c y l i m i t a t i o n ; (24a) 
e s t a b l i s h e s a t h r e s h o l d t h a t t h e f i e l d i n t e n s i t y h a s t o e x c e e d f o r t h e o n s e t of 
i n s t a b i l i t i e s . W e p o i n t o u t t h a t f o r t h e c o l d p l a s m a l i m i t t h e t h r e s h o l d v a n i s h e s ; 
i f t h e u s u a l m a c r o s c o p i c , w a r m p l a s m a e q u a t i o n s h a d b e e n u s e d , s o t h a t 
w e w o u l d h a v e t a k e n v ^ - to . /(CO - 3 k v . ) i n s t e a d of 
X° ^ k 2 / k 2 (1 + i T T ^ t o / k v . ) , t h e f a c t o r (1 + T . / T J 1 ' 2 i n (24a) w o u l d b e 
X -L J. X t i 
c h a n g e d i n t o (1 + 3 T . / T )l/Z}° 
F i n a l l y , w e c o n s i d e r a g i v e n k a n d t a k e t h e l i m i t of v e r y l a r g e f i e l d s ; 
w e i n d i c a t e d i n S e c . I l l t h a t t h e p l a s m a w o u l d b e c o m e u l t i m a t e l y s t a b l e f o r 
t h e g i v e n w a v e l e n g t h . W e t a k e t h e l i m i t | x | » 1 a n d a g a i n e x p a n d v 
f o r s m a l l CO = i y ; u s i n g t h e a s y m p t o t i c e x p a n s i o n f o r J , J , (22) b e c o m e s , 
a f t e r s o m e r e a r r a n g e m e n t : 
1 + 
k 2 r 
k 2 ^ 
1 - 7T 
1/2 _x_ 
kv . 
1 L_ 
1 -
k V ( c o s 771/ - s i n 2x) 
2 2 i i (k + 3k ) x sinTT v 
e 
- 0 ; 
2 2 
w e h a v e d r o p p e d t e r m s of o r d e r of k / k . T h e p l a s m a i s u n s t a b l e if 
k < 
CO k . 
p e I 
v 2 2 
E k + k 
l 
s i n 2x + c o s TiV 
sin7T f 
= k 
m a x 
CO « CO 
o p e 
(2 5) 
- 2 3 -
(we r e m e m b e r t ha t the c a s e v ^ n i s e x c l u d e d f r o m th i s a n a l y s i s ) . A s a 
f ina l c o n c l u s i o n we po in t out t ha t (24a) and (25) a r e v e r y s i m i l a r to the 
r e s u l t s of the t w o - s t r e a m i n s t a b i l i t y ; i t i s s e l f - e v i d e n t t ha t t h e s t r e a m i n g 
v , g e n e r a t e d by t h e f ield c a u s e s the p r e s e n t i n s t a b i l i t y . 
E 
V. THE P A R A M E T R I C INSTABILITY 
In t h i s s e c t i o n we c o n s i d e r the c a s e D < O(l) ( say , for n = r) and 
e 
|X- ] > O(l) ; (see l a s t p a r a g r a p h of S e c . III) . The e n h a n c e m e n t of Y. 
i i r r 
i m p l i e s a s m a l l \u> \ ; t h e r e f o r e D (ro) + u>) — D (rw ) . If k « k , we 
s e e t ha t the r e s o n a n t cond i t ion raj ^ U) i s ob t a ined , s ince for k « k , 
o pe e 
D (a) ) — 0. M o r e o v e r , D i s t hen n e a r l y even in i t s a r g u m e n t so t ha t 
e p e ' e 
- r o r -1 - r -1 
D =* 0 t o o . T h u s , X. . (O ) , and (D ) c o n t r i b u t e dominan t t e r m s in 
e I e e 
(15); the r e s u l t s (17) and (18) for A and A. canno t be u s e d now. It h a s 
b e e n found t h a t the s u b s e q u e n t a n a l y s i s i s s i m p l e r when m a d e for A. ; 
h e n c e c o n s i d e r e x p a n s i o n (15) for A. : 
J2 xv 
i LJ „ n LJ ~ p 
* i 
D 
n i p 
DJ 
+ 
n < m 
n 
\ 
Dn 
I p 
m 
\ 
D m 
T 2 P J X p -n /ve 
D P 
J J X 
q - m q-n e 
x: -X, V- J J 
T. \ p - n p - m e 
DJ 
m 
D q 
~\ V J q - m X e 
I q e 
(2 6) 
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p lus t e r m s invo lv ing p r o d u c t s of t h r e e o r m o r e d. , d. . To c l o s e t h i s 
e x p a n s i o n , the a n s a t z | Y / D | < O(l) (n ^ 0) i s m a d e . We a l s o a s s u m e 
tha t | x j > O(l) ; to i nc lude t h e c a s e |x | « 1 would c o m p l i c a t e the r e s u l t 
too m u c h . M o r e o v e r , it h a s not b e e n d e t e r m i n e d w h e t h e r o u r a n s a t z and 
cond i t ion | x j « 1 a r e c o n s i s t e n t w i th e a c h o t h e r . It i s e a s i e r to t r e a t 
s e p a r a t e l y the c a s e | x j « 1 s i n c e then i t i s p o s s i b l e to c l o s e the e x p a n s i o n 
(26) wi thou t u s i n g the a n s a t z \x. / D | < O(l) ; h o w e v e r , t h i s l i m i t h a s b e e n 
1 2 
c o r r e c t l y t r e a t e d a l r e a d y ' and the t h r e s h o l d for i n s t a b i l i t y d e t e r m i n e d . 
(It would be of i n t e r e s t , n e v e r t h e l e s s , to ob ta in a c l o s e d e x p a n s i o n for A. 
v a l i d for bo th j x | < O(l) and | x | > O(l ) , a s we did for the n o n - r e s o n a n t 
c a s e . ) We a l s o po in t out t h a t , if fo r x > O(l) t h e r e a r e r o o t s for w h i c h t h e 
a n s a t z i s i n v a l i d , t h e s e r o o t s can be l o s t when the a n s a t z i s u s e d to c l o s e 
the e x p a n s i o n (26). In Ref. 5, J a c k s o n i n d i c a t e d t h a t , b e s i d e s t h e known 
p a r a m e t r i c i n s t a b i l i t y of R e f s . 1 and 2, t h e r e i s a n o t h e r with v e r y s m a l l 
JOJ ] ", it would s e e m tha t i t i s l o s t h e r e t h r o u g h o u r a n s a t z . J a c k s o n ' s r e s u l t s 
a r e doubtful , h o w e v e r , s i n c e h i s t r e a t m e n t i s b a s e d on an i m p r o p e r a p p r o x i -
m a t i o n a s shown l a t e r in t h i s s e c t i o n . 
With cond i t ion \ /D V < O(l) (for a l l n ^ 0) , a l l e l e m e n t s d. , d. 
n / 0 , a r e v e r y s m a l l . At f i r s t s ight i t would s e e m , t h e r e f o r e , t ha t A. 
r e d u c e s aga in to (18): 
(0 2 2 o 2 p 
^ . ^ y L£_
 = 1 _ ! ! L 
D O Z -
 D P D° 
i p e l p ^ ± r 
D P 
r - r 
D D 
e e 
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The l a s t two t e r m s in the b r a c k e t a r e m u c h l a r g e r than the f i r s t one; h o w -
2 Z 
e v e r , t hey m a y c a n c e l e a c h o t h e r b e c a u s e J = J and p o s s i b l y 
r , _ r 
%' e 
± r /_±r X / D + \ / D I « I x / D I . In p r i n c i p l e , t h e r e f o r e , the whole 
.om b r a c k e t should be r e t a i n e d . The e l e m e n t s d. , m ^ 0 con ta in t h e s e v e r y 
l a r g e t e r m s 
X: 
O 
D. L 
l 
r J J x J J X 
r r - m ^ e - r - r - m / v e 
—
 + 
- r 
D D - r 
oo bu t h e r e t h e r e i s no n e a r c a n c e l l a t i o n a s for d. . Al though t h e s e t e r m s a r e 
m u l t i p l i e d by s m a l l n u m b e r s , (the e l e m e n t s of A. off the ze ro th r o w ) , the 
l a r g e s t such p r o d u c t s should be r e t a i n e d in p r i n c i p l e . S ince we a r e n e g l e c t i n g 
t e r m s of (26) which a r e known to be s m a l l c o m p a r e d wi th s o m e of t h o s e 
r e t a i n e d , the d o m i n a n t t e r m s involv ing d. a r e con ta ined in the t h i r d t e r m 
of (26). We r e a c h the c o n c l u s i o n tha t w i th o u r a n s a t z for X- A> (n / 0) , 
A. i s g iven , to d o m i n a n t o r d e r , a s fo l lows : 
o 
\ 
A. •* 1 - -L-
D° 
1 
T 2 P 
J x 
P e 
p ^ ± r e 
+ J 
r - r 
2 / Xe Xe 
+ T\Dr D " r 
e e 
Xj
-y 
_ o // l m^O i 
m r - r 
*i 2 Xe Xe 
— r — — (J ^ + J )' 
m r _ r „ - r m+ r m - r 
(27) 
D D 
e e 
2 2 2 , S ince U) » k v , we c a n use (16) for bo th e l e c t r o n s and i o n s , for n * 0. 
o e 
Our d i s p e r s i o n r e l a t i o n b e c o m e s 
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D ^ « i + x r i -
T2 ° T 2 2 J co 
P P e 
2
 O 1 2 2 2 2 
, CO + 3 k v - p 0) 
P7*±r p e e o 
p ^ O 
- J 
, 2 . 2 , , 2 2 2 2 2 , 
? 2 CO (CO + 3 k v - r a > - CO ) 
r
 , 2 2 2 2 2 2V2 , 2 2 2 (CO + 3 k v - r co - O J ) - 4 r CO CO p e e o o 
- J 
4 2 , 2 
co co ./io 
P e P 1 ° <
J m + r + J m _ / 1 
r , 2
 t , _ 2 2 2 2 2 2 2 2 2 
(CO + 3 k v - r CO - CO ) - 4 r CO CO ,_ 
p e e o o m ^ O 
m 
(28) 
W e s h a l l c a l l X = CO + 3 k v - r c o . S i n c e CO » k v , D w i l l b e 
p e e o o e e 
2 2 2 2 2 2 2 2 
v e r y s m a l l w h e n CO K r w . T h e r e f o r e , CO » 3k v , i . e . . k » k ; 
p e o p e e e 
2 2 
w e c a n d r o p t h e t e r m 3 k v i n t h e d e n o m i n a t o r of t h e f i r s t s e r i e s i n s i d e 
e 
2 
t h e b r a c k e t of E q . ( 2 8 ) . A l s o , s i n c e X « CO , t h e d e n o m i n a t o r of t h e l a s t 
o 
t w o t e r m s i n s i d e t h e b r a c k e t c a n b e a p p r o x i m a t e d a s 
,, 2 .2 2 2 2
 A 2 2 2 2 (A - c o ) - 4 r c o c o =* X - 4 r c o c o 
o o 
T h e n E q . (28) i s r e w r i t t e n i n t h e f o r m 
1 + h 
.2 *e 
T 2 2 , 2 J CO /CO 
p P e ° 
O
 n O £j 1 , 1 
D , CO /CO - p 
e p^fc±r p e o 
2 r , 2 
• ,
2 f t 2 _ 
_, 2co (X - co ) 2 p e 
. - . 2 2 2 
X - 4 r CO CO 
o 
p ^ O 
- J 
4 2 
co co . 
p e P i 
L 
J - + J 
m + r m - r 
r 2 n 2 2 2 2 . 
CO {X - 4 r CO CO ) _/_ • 
o o m ^ O -. 
m 
= 0 (29) 
W n , „ ± r e n o t e h e r e t h a t t h e a n s a t z X- / D < Ofl-) i s e q u i v a l e n t t o t h e r e q u i r e m e n t 
CO . « X ± 2 r CO CO. p i o 
-27 -
The f i r s t s e r i e s i n s i d e the b r a c k e t c a n be s u m m e d for a r b i t r a r y r 
(see A p p e n d i x ) . H o w e v e r , f r o m now on we s h a l l c o n s i d e r the c a s e r = 1. 
It c o r r e s p o n d s to the c a s e s tud ied in R e f s . 1 and 2 for | x | « 1 . The c a s e 
4 
r f: 1 w a s t r e a t e d by Si l in wi th in the co ld p l a s m a a p p r o x i m a t i o n . Al l the 
s u b s e q u e n t c a l c u l a t i o n s c a n b e e x t e n d e d s i m p l y to i nc lude an a r b i t r a r y r ; 
h o w e v e r , the i n s t a b i l i t i e s t ha t would be found, would undoub ted ly be m u c h 
w e a k e r . (Fo r ins tance . , to ob ta in the t h r e s h o l d for the i n s t a b i l i t i e s to s e t 
i n , t h e w e a k f ie ld l i m i t h a s to be t a k e n and , s i n c e the t e r m s involving the 
r e s o n a n t f a c t o r s a p p e a r m u l t i p l i e d by J in E q . (29) and for | x j « 1 
2 2 r 
J = 0 ( x ), the t h r e s h o l d would a p p e a r to i n c r e a s e r a p i d l y a s r i n c r e a s e s . 
F o r r = 1, E q . (29) can be r e w r i t t e n a s 
o _ , „ 2 • 2 , 
ittf 
-, /X \ / 2 J I -, \ _. 2co (A - w ) 
o l „ o / V x l 1 . 2 . 2 2 D / \ / A--4&) (i) 
e o 
4 . 2 
_ - W W . ( . _ • 
J l 2 , , 2 , 2 2, 2 {l V 
0) (A - 4w O) ) x 
o o 
= 0 . (30) 
We have u s e d the equa l i t y 
p ^ ± l 
J 2 VZ 2 J J , j f 
1/ - p 
[ see Append ix , E q . (A-2)] and the fac t t ha t V = OJ /o> ~ 1 ; the r e c u r r e n c e 
.- - - - 2 
r e l a t i o n J + J . = 2 m J / x , and the i d e n t i t y S J = 1 have b e e n a l s o 
m+1 m - 1 m ' p 
p 
u s e d . 
. The f a c t o r ( x / D - 1) = - l / D ° i s a l w a y s v e r y s m a l l : i t i s of o r d e r 
2 '2 2 2 
of u) M a n c^ k / ^ ^.or Ci> » kv and CO « kv , r e s p e c t i v e l y ; i t wi l l 
pe e e e 
- 2 8 -
b e d r o p p e d . M o r e o v e r , s i n c e we a r e only r e t a i n i n g the d o m i n a n t t e r m s , 
2 2 
w e - c a n s u b s t i t u t e CO for (0 (excep t , of c o u r s e , when i t s d i f f e rence i s 
pe o r 
2 2 2 4 
d iv ided by a n o t h e r s m a l l n u m b e r ) . Mu l t i p ly ing (30) by (A. - 4co CO )/4c0 
o P^ 
and r e a r r a n g i n g t e r m s , we ob t a in , f i na l ly , 
CO 
Z(j) 
p e 
CO 
* i 
p e 
2 2 
r 2 / 2 J J , \ _ , . CO . 1 - J 
LCO \ ' \2C0 CO x 
P e pe pe 
O *7 " 
By u s i n g t a b l e s of Y (co/kv.) , t h i s equa t ion c a n be so lved for a r b i t r a r y 
co/kv, . L e t us c o n s i d e r h e r e t h e l i m i t CO » fcv. ; we can w r i t e 
I I 
X- — -CO . /(CO - 3k v. ) and o u r equa t ion b e c o m e s : 
CO CO 
2
 r 
CO 
P e 
CO 
+ 
2 
co . 
- E l 
2 2 
2J I \ 3k CO . ^ 
—2-M+ * 
p e 
- \2co 
2 
CO . 
Pl_ T 2 
pe 
X 
co 
X 
p e 
. 2 2 k . CO 
I pe 
2 _
 T2 CO . 1 - J 
>i o 
CO 
p e 
\ 2CO 
P e 
= 0 
CO 
p e 
x 
(31) 
o r 
co 
co p e 
2co / oj \ pe pe 
2 J J . 
o 1 
+ 
2 
. \ 2 CO . 
+ 1 -
L\2C0 
p e 
CO 
p e 
2J J , 
o 1 
x 
X 
2 , 2 
. CO . 1 - J 
A
 . _Ei ° 
_ 2 T 2 2 
2co co x 
pe pe 
1/2 
X + 
^ 2 2 
3k co . 
— Ei 1 2 2 k . CO l pe 
+ 
„ , 2 2 
3 k CO . 
. - J2 - 1 
i 2 2 k. CO 
I pe 
+ 
A 2
 T 2 4co . J n 
P1 * 
CO 
p e 
(32) 
We can c o m p a r e t h i s r e s u l t wi th t h o s e of R e f s . 4 and 5, fo r the s a m e l i m i t 
CO » kv. . If E q . (28) of Ref. 5 i s r e w r i t t e n wi th ou r s y m b o l s and d o m i n a n t 
t e r m s a r e r e t a i n e d , i t i s found t ha t i t is i d e n t i c a l to ou r E q . (31) e x c e p t for 
- 2 9 -
2 2 2 2 
Jackson ' s use of (J" + J, )/2 for both J J„ /x and (1 - J" }/x in our equation 
0 1 o 1 o 
The source of Jackson ' s e r r o r , we think, can be t raced to the way he 
simplified E q s . (10a,b) [Eq. (20) of his p a p e r ] . He neglected \ for both 
Oi = e and a. = i , when | n | > 1; hence, he takes as smal l X » X , . . • > 
2 2 2 2 2 2 
which a re of the o rder of CO /2 CO — 1/4 .CO /3 CO — 1/9 , 
pe ' o ' pe ' o ' 
This amounts to neglecting all t e r m s with |n j > 1 in a se r i es 2 c , 
2 n 
where c ~ l /n 
n 
If we take the l imit v = v. = 0 (cold p lasma) , we can compare our 
resu l t s with Eq. (3.30) of Ref. 4. Silin gives his resu l t s in t e r m s of two 
Besse l s e r i e s ; they a re the same se r i e s we summed for Eq. (30). After 
the summation is made , his equation is identical to ou r s . (Take n = 1 in 
Sil in 's equation.) 
Now, from Eq. (32) the following conditions a re found to be required 
if the p lasma is to be s table; 
2 
CO . 
<*/2V>2+ 2 
' 2j j ; 
L--2-!
 + **L 
CO 
X 
p e 
2 
.
2
 \Z x -JEL 
2J J,
 a l 2 n 
. P e CO2 V X
 k
2 
pe i 
> _ 
> 0 
A Z T2 
4co . J, 
P1 1 
CO 
p e 
+ 
2
 i T 2 
CO . 1 - J 
pi o_ 
2co co 
pe pe 
x 
> 0 
The f i rs t condition is always satisfied since 1 - 2J J , / x > 0. The second 
can be rewri t ten as : 
^ - 2 , _ 2 2 2 ^ , z l " J o 
\ s O) + 3 k v -CO < - 2 C 0 . — 
pe e o — px 2 
CO 
X > - 2 2 
2co . J, L \ 2co 
pi 1 
2 2 
CO . , 
i + " ^ f 1 -2 / 2 
co \ pe pe 
x 
2 J L M 
o 1 
X 
7 l ' J 
_ 2 o 
- 2co . — 
pi 2 x 
(33a] 
(33b) 
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These inequalities and Eq. (32) give the growth rate and the range of 
unstable frequencies for a given x , i . e . , E and k , The minus sign should 
be taken in front of the root in Eq. (32). By assigning an arbitrary order 
of magnitude to the ratio X/co it is possible.to simplify the equation 
pi 
further; (see Ref. 4). In all cases the results for CO are consistent with 
n ,±r 
the ansatz | x, /D | < O(l), n ^ 0 , if J x | = O(l). The maximum growth 
2/3 l/3 
rate found is known to be of the order of CO CO , much larger than the 
pe pi 
off-resonance growth rate. 
We shall now find how k decreases as E increases, for large 
max 
values of E ; k being the maximum value of k for which instabilities 
max 
can appear. As in Sec. IV, we shall take |x J » 1 and assume that we 
are so close to k that Imco will be vanishinglv small; assuming that 
max & J ° 
CO is purely imaginary, we shall neglect CO for p > 1. Then, from Eq. (30), 
we obtain: • , 
1 + 
*l 
1 -
77 x 
2co 
_J 
X 
• ^ / 1 ,s p e 2 . 2 , ,
 A. 
sin (x - IT/4) —r^ ~ - • sin (x - 77/4) 
7T x 
X 
4co co . 
X x 
= 0 • (34) 
Writing x. ~ k. /k [1 + i (7T/2) co/kv.] and CO = iy we have 
1 + k2/k2 [1 - (7T/2)1/2 y/kv.] 1 -
A • 2 , /As t o 1 
4 sin (x - It/4) pe 
77 x 
= 0 
We have neglected the last term inside the bracket of (34) because it has 
n i l 1 
to be small compared with the second, if our ansatz | X. /D j< O(l), i .e . 
CO . « X ± 2co CO , is to be satisfied, pi o 
-31-
Fo r y to be posi t ive, it is n e c e s s a r y that 
X > 0 , 
k < _i 4 sin (x - 7T/4) pe w pe __£e 
i ' ~-ei 
this k is much l a r g e r than the one found for the non-resonant c a s e , 
max ° 
2 
because of the factor OJ A. . 
P e 
VI. CONCLUSIONS 
We have found two types of ins tab i l i t i es . In Sec . IV we concluded f rom 
the observat ion of E q s . (24a) and (25) that the nonparametr ic one was simply 
a t w o - s t r e a m instabi l i ty . The p a r a m e t r i c instabili ty i s caused by the 
p a r a m e t r i c interact ion of the applied field with na tura l modes of oscil lat ion 
of the p l a sma , as i s apparent f rom our mathemat ica l ana lys i s . 
F r o m another point of view, it s eems interes t ing to p resen t a physical 
p ic ture of this instabili ty that allows us to visualize the instabili ty mechanism. 
The pa r ame t r i c instabili ty may be considered, we think, as a resonant 
enhancement of the t w o - s t r e a m instabil i ty that i s p resen t off-resonance. 
Consider the two- s t r eam instabili ty in the usual case of no field. In 
the equil ibrium s ta te , the species s t r e a m relat ive to each o ther . If a 
density per turbat ion appea r s , a per turbing e lec t ros ta t ic potential wave will 
r e su l t . As the par t ic les move over the c r e s t s and troughs of the wave, 
they gain and lose speed a l te rnate ly . As seen from a simple considerat ion 
of the continuity equation, this velocity modulation can produce a density 
- 3 2 -
modulation (in space); thus , the equi l ibr ium s t reaming makes the pa r t i c l e s 
form "bunches" a l ternate ly placed in space . If they a r e proper ly placed 
with respec t to the init ial potential , the peaks and valleys of the potential 
will be enhanced and the instabil i ty will set in. 
In our problem, the s t reaming velocity, generated by the field, is i tself 
(time) modulated. Unless this modulation is a very definite one, the resu l t s 
"will not be essent ia l ly different f rom the usual two- s t r eam r e s u l t s . If, 
however , this modulation is w e l l t i m e d , we might say "in phase , " we should 
expect a substant ia l enhancement of the bunching of the par t ic les and t h e r e -
fore a l a rge instabi l i ty . F r o m the resu l t s of Sees . IV and V we may state 
now that (for k « k ) CO ~ nco is the requi rement for the modulation of 
___ e_ pe o 
the s t r eaming to.be "in phase . " When such conditions is not satisfied, we 
can wr i t e E q s . (24a) and (25) as v ^ > v and k < to / v ^ (except for 
hj e p e hi 
n u m e r i c a l factors) where v is an average of the s t reaming velocity; these 
r e s u l t s a r e s imi l a r to those of the usual two- s t r eam instabil i ty. However, 
a S
 ^ o ~** 'W / n ' w e see in (24a) and (25) that the threshold decays sub-
s tant ia l ly and k becomes very l a rge . The resul t s of Refs. 1,2 and 
max 
Sec . V would be obtained he re if some t e r m s now important had not been 
neg lec ted . 
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such that | CO | « kv . 
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APPENDIX 
The identity 
JV 
-f—, = ^— J J (A-l) 
V - p 
P 
4 
was given without proof by Silin ; the proof will be sketched he re for 
comple teness . Define G{v), 
T2 2 
C(V) = ) - f — - -**— J J ; 
Z„/ 2 2 sin7Tf l> -1/ 
l> - p 
P 
it can be noticed that C(l>) has no s ingular i t ies at V = ±p . Moreover , f, 
f sin7Ti/, J , and J a r e entire functions of v ; the re fore , if G(v) i s 
bounded as \u | -* °o, it will be a constant f rom Liouvil le 's t heo rem. Since 
C(0) = 0, we will have G{v) = 0. (To determine whether C(v) is bounded we 
r e m e m b e r that flv/sin TTV - T(l + V) T(l - V) so that the second t e r m in 
(A-l) can be wri t ten as 
Y ( - x 2 / 4 ) P + q ra+v)r(i~v) 
L r (q+i+i / ) r ( P +i v) 
p.* q> ° 
the argument of the Besse l functions in (A-l) being x . ) 
Using (A-l), it is now possible to prove that for v — I, 
2 2 2 
J V 2 J J J 
i r - 2 = - T - - T+0{X-V)- <A-2> 
Let V = r + G, | s | « 1; f rom (A-l) 
2 2 2 2 
J 1/ ffl>J J ZJ u 
p _ ^ -f r 
2 2 "" sin ftp ~ 2 2 
p ^ ± r 
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™<^~ [j j
 + e | - j j 
sin7T£ L r - r dv V -V 
_ _2 2 
7 2 J v 
+ o(e^)] - r 
j / = r e ( 2 y - e ) 
r 
2 
+ i / r i J r ( 2 / x ) r ^ 
"
l
 J ( x / 2 ) m 
m 
m ! ( r - m) I 
m=0 
r r = l , (A-2) f o l l o w s . (We h a v e m a d e u s e of the r e l a t i o n s 
r a j 
Y r = 1/7T dv 
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